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Abstract Adaptive control systems have long been used to effectively control dy-
namical systems without excessive reliance on system models. This is due mainly
to the fact that adaptive control guarantees stability, the same however, cannot be
said for performance; adaptive control systems may exhibit poor tracking during
transient (learning) time. This paper discusses the experimental implementation of
a new architecture to model reference adaptive control, specifically, the reference
system is augmented with a novel mismatch term representing the high-frequency
content of the system tracking error. This mismatch term is an effective tool to re-
move the high frequency content of the error signal used in the adaptive element
update law. The augmented architecture therefore allows high-gain adaptation with-
out the usual side-effect of high-frequency oscillations. The proposed control ar-
chitecture is validated using the Georgia Tech unmanned aerial vehicle simulation
tool (GUST) and also implemented on the Georgia Tech Quadrocpoter (GTQ). It
is shown that the new framework allows the system to quickly suppress the effect
of uncertainty without the usual side effects of high gain adaptation such as high-
frequency oscillations.

1 Introduction

Unmanned Aerial Vehicles (UAV), like many other forms of robots, are often used
to perform tasks too dangerous or repetitive for humans. Examples in industry show
UAVs being used for surveillance and mapping of areas after natural disasters or
in enemy territory in the case of military application. UAVs should operate with
little user influence in hostile changing environments. That is, UAVs should have
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the ability to quickly adapt to their surroundings and act appropriately to changing
conditions. This paper aims to extend this research by providing a solution to high-
gain adaptive control without high-frequency oscillations, which ultimately allows
for fast adaptation of advanced control systems in UAVs.

It is well known that standard model reference adaptive control (MRAC) ap-
proaches employ high-gain learning rates to achieve fast adaptation in order to
rapidly reduce system tracking errors in the face of system uncertainties. High-gain
learning rates, however, lead to increased controller efforts and can cause high-
frequency oscillations, which may violate actuator rate saturation constraints [4]
and/or excite unmodeled system dynamics [10, 11] resulting in system instability.

Motivated from this standpoint, this paper resorts to a recently developed frequency-
limited adaptive control architecture [12]. The contribution of this framework comes
from suppressing undesired high frequency system oscillations using a new refer-
ence system architecture. Specifically, the proposed reference system captures a de-
sired closed-loop dynamical system behavior modified by a novel mismatch term
representing the high-frequency content between the uncertain dynamical system
and this reference system, i.e., the system error. In particular, this mismatch term
allows the limiting of the frequency content of the system error dynamics both in
transient and steady state, which is used to drive the adaptive controller. The pur-
pose of this methodology is to prevent the update law from attempting to learn the
high-frequency content of the system error. This key feature of the framework yields
fast adaptation without incurring high-frequency oscillations in the transient perfor-
mance.

The proposed augmentation to the reference system is implemented on a quadro-
copter model simulated in the Georgia Institute of Technology unmanned aerial ve-
hicle simulation tool (GUST) developed by the Unmanned Aerial Vehicle Research
Facility (UAVRF). The GUST software package combines a high-fidelity vehicle
and environment model, onboard flight control software, and ground station soft-
ware. GUST may be operated in hardware in the loop (HITL) mode or software in
the loop (SITL) mode. In HITL mode, the flight control software and ground station
interface with physical sensors, actuators, and communication links. In SITL mode,
the flight control software and ground station interface with the vehicle model and
simulated communication links. This design ensures that the same flight control
software is used in simulation and in flight reducing software development time.

The vehicle model used in the SITL mode is a six rigid body degree of freedom
model complete with additional engine and rotor dynamics. The vehicle model sim-
ulates sensor noise, delay, location, orientation, actuator dynamics and saturation.
For this paper, the SITL mode is used to obtain the simulation results and flight tests
were conducted using the HITL mode onboard the flight platform.

The flight platform used in this paper is a quadrocopter UAV based on the
commonly used Pelican airframe [2] from Ascending Technologies (AscTec). The
UAVRF uses this platform to perform research on indoor flight navigation and guid-
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ance algorithms and is referred to as the Georgia Tech Quadrocopter (GTQ). The
GTQ is a fully autonomous vehicle which uses a laser SLAM based navigation sys-
tem to traverse cluttered indoor environments. A detailed description of the platform
and navigation system can be found in [3]. A picture of the GTQ can be seen below
in Figure (1).

Fig. 1 Picture of the AscTec Pelican indoor flight platform known as GTQ. This is the flight
platform used to evaluate the performance of the frequency-limited adaptive control architecture
in this paper.

In the following sections, we first outline the adaptive update law used and give a
description of the proposed augmented reference system architecture. Then the con-
trol system implemented is described in detail. High fidelity simulation and flight
test results are then discussed. The performance of the frequency-limited architec-
ture is then compared to a that of standard MRAC and the closed loop reference
model framework as described in [9, 5].

The notation used in this paper is fairly standard. Specifically, R denotes the set
of real numbers, Rn denotes the set of n× 1 real column vectors, Rn×m denotes
the set of n×m real matrices, R+ (resp., R+ ) denotes the set of positive (resp.,
non-negative-definite) real numbers, Rn×n

+ (resp., Rn×n
+ ) denotes the set of n× n

positive-definite (resp., non-negative-definite) real matrices, Sn×n denotes the set
of n× n symmetric real matrices, Dn×n denotes n× n real matrices with diagonal
scalar entities, (·)T denotes transpose, (·)−1denotes inverse, and , denotes equality
by definition.
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2 Preliminaries

We will begin by considering the nonlinear dynamical system given by

ẋp = Apxp(t)+BpΛu(t)+Bpδp(xp(t)), xp(0) = xp0 , t ∈ R+, (1)

where xp(t) ∈Rnp is the state vector available for feedback, u(t) ∈Rm is the control
input, δp :Rnp→Rm is an uncertainty, Ap ∈Rnp×np is a known system matrix, Bp ∈
Rn×m is a known control input matrix, and Λ is the unknown control effectiveness
matrix. Furthermore, we assume the pair (Ap,Bp) is controllable and the uncertainty
can be parametrized as

δp(x) =W T
p σp(xp), (2)

where Wp ∈ Rs×m is an unknown weight matrix and σp : Rn
p→ Rs is a known basis

function of the form σp(xp) = [σp1(xp),σp2(xp), . . . ,σps(xp)]
T .

Remark 1. For the case where the basis function σp(xp) is unknown, parametriza-
tion in (2) can be relaxed, for example, by considering δp(xp) = W T

p σnn
p (V T

p xp)+
εnn

p (xp),xp ∈Dxp , where Wp ∈Rs×m and Vp ∈Rnp×s are unknown weight matrices,
σnn

p : Dxp → Rs is a known basis composed of neural network functional approxi-
mators, εnn

p : Dxp → Rm is an unknown residual error, and Dxp is a compact subset
of Rnp [6].

Remark 2. If the uncertainty is time varying the adaptive element update law can be
extended using, for example, Theorem 7.1 from [12].

To address command following, let c(t) ∈ Rnc be a given bounded piecewise
continuous command for tracking (or c(t) = 0 for stabilization) and xc(t) ∈ Rnc be
the integrator state satisfying

ẋc = Epxp(t)− c(t), xc(0) = xc0 , (3)

where Ep ∈ Rnc×np allows to choose a subset of xp(t) to be followed by c(t). Now
(1) can be augmented with (2) as

ẋ = Ax(t)+BΛu(t)+BW T
p σp(xp(t))+Brc(t), x(0) = x0, (4)

where x(t) ,
[
xT

p (t),x
T
c (t)

]T ∈ Rn,n = np + nc is the augmented state vector, x0 ,[
xT

p0
,xT

c0

]T ∈ Rn,

A ,

[
Ap 0np×nc

Ep 0nc×nc

]
∈ Rn×n (5)

B ,
[
BT

p 0nc×m
]T ∈ Rn×m (6)

Br ,
[
0np×nc − Inc×nc

]T ∈ Rn×nc (7)

Next, let us consider the reference system capturing the desired closed-loop dy-
namical system performance given by
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ẋr = Arxr(t)+Brc(t), xr(0) = xr0, (8)

where xr(t) ∈ Rn is the reference state vector, Ar ∈ Rn×n is the Hurwitz reference
system matrix, and Br ∈ Rn×m is the command input matrix. Also, their exist a
matrix K ∈ Rm×n such that Ar = A−BK holds.

Let us now consider the feedback control law given by

u(t) = un(t)+ua(t), (9)

where un(t)∈Rm and ua(t)∈Rm are the nominal and adaptive control laws, respec-
tively. Let un be given by

un(t) =−Kx(t), (10)

Combining (9), (10) into (4) yields

ẋ = Arx(t)+Brc(t)+BΛ
[
ua +W T (t)σ(x(t))

]
, (11)

where W ,
[
Λ−1W T

p ,(Λ−1− Im×m)K
]T ∈ R(s+n)×m is an unknown (aggregated)

weight matrix and σ(x(t)) ,
[
σT

p (x(t)),x
T (t)

]T ∈ Rs+n is a known (aggregated)
basis function. Now, considering (11), let the adaptive control law be defined as

ua(t) =−Ŵ (t)σ(x(t)), (12)

where Ŵ (t) ∈ Rs×m is the estimate of W satisfying the weight update law given by

˙̂W (t) = Γ σ(x(t))eT (t)PB, Ŵ (0) = Ŵ0, (13)

where Γ ∈ Rs×s
+ ∩ Ss×s is the learning rate matrix, e(t), x(t)− xr(t) is the system

error state vector, and P ∈ Rn×n
+ ∩ Sn×n is a solution of the Lyapunov equation

0 = AT
r P+PAr +R, (14)

where R ∈ Rn×n
+ ∩ Sn×n can be viewed as an additional learning rate. Note that

since Ar is Hurwitz, it follows from converse Lyapunov theory [6] that there exists
a unique P satisfying (14) for a given R.

The system error dynamics is given from (8), (11) and (12).

ė(t) = Are(t)−BΛW̃ T (t)σ(x(t)), e(0) = e0, (15)

where W̃ (t), Ŵ (t)−W ∈R(s+n)×m is the weight error and e0 , x0−xr0. Proofs of
Lyapunov stability of the weight matrix W (t) and error vector e(t) and the conver-
gence of e(t)→ 0 as t→ ∞ can be found in reference [1].
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3 Frequency-Limited Adaptive Control Framework

The augmented MRAC system architecture, as defined in [12], is achieved by in-
troducing a mismatch term to the reference system dynamics. The mismatch term
captures the high-frequency content between the uncertain dynamical system and
the reference system. This augmenting of the reference system term allows the de-
signer to limit the frequency content of the system error dynamics which is used to
drive the adaptive element. The proposed architecture is visualized in the diagram
shown below in Figure (2).

Fig. 2 Visualization of the proposed frequency-limited adaptive control architecture. Notice not
only is the reference system driven by the external command but also by the mismatch term con-
taining the high frequency error content. The augmented system is shown in grey.

To define our augmented system let us first consider eL ∈Rn, the low pass filtered
error of e(t) given by

ėL = AreL +η(e− eL), eL(0) = 0, (16)

where η ∈ R+ is a filter gain. From the low pass error update law it can be seen
that the filter gain η is used to limit the bandwidth of this signal. This term must be
large enough to capture the system dynamics to be input to the adaptive element but
small enough to reject the high frequency content of this signal. Considering this in
the classical loop shaping context, the user can now allow faster adaptation of the
system to uncertainty by amplifying the adaptive learning rate while suppressing
unwanted high frequency adaptation and subsequent high frequency oscillation.
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Remark 3. As η→∞ the frequency-limited architecture approaches standard MRAC.
As η → 0 the frequency-limited architecture approaches the closed loop reference
model framework described in [9, 5].

Now, as the purpose of the frequency limitation is to force our error to approach
the behavior of the low pass filtered error, we can introduce a mismatch term which
is a minimization of the relative distance of the trajectories of the two signals e(t)
and eL(t). This can be captured in the cost function given by J(e,eL) =

1
2 ||e−eL||22,

and note that the negative gradient of this cost function with respect to e(t) is given
by

δ [−J(e(t)− eL(t))]
δe(t)

=−(e(t)− eL(t)) (17)

Incorporating the mismatch term into the reference system in (8) results in the fol-
lowing augmented reference system

ẋr = Arxr +Brc(t)+κ(e− eL), xr(0) = xr0 , (18)

where κ ∈ R+. Through singular perturbation analysis of the augmented reference
system it can be shown that the high frequency content of the error signal is glob-
ally exponentially stable and vanishes in a fast manner for a sufficiently high κ1.
Theorem 5.1 in [12] also discusses that even though the proposed architecture is
predicated on a modified reference system given by (18) the augmented system ac-
tually converges to the ideal reference system given in (8).

Remark 4. It should be noted that increasing κ with a constant learning rate Γ causes
the distance between the augmented system and the ideal reference system to in-
crease so Γ and κ should be increased together for the best overall system perfor-
mance.

Updating (15) with (18) results in a the system error dynamics now given by

ė(t) = Are(t)−BΛW̃ T (t)σ(x(t))−κ(e(t)− eL(t)), e(0) = e0, (19)

This framework can now be extended to the flight platform as is discussed in the
next section.

4 Application to a High-Fidelity Autonomous Quadrocopter
Model

This section describes the implementation of the frequency limitation architecture
in the Georgia Tech unmanned aerial vehicle simulation tool (GUST). Additional
information of the control architecture can be found in [8].

1 For a detailed description of the singular perturbation analysis, see Section VI in [12].
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Let us first consider the nonlinear system which represents the dynamics a free
flying body in the following form

ṗ = v, (20)
v̇ = a(p,v,q,u f ,um), (21)
q̇ = q̇(q,ω), (22)

ω̇ = α(p,v,q,ω,u f ,um), (23)

where p∈R3 is vehicle position, v∈R3 is velocity, q∈R4 is the attitude quaternion
and ω ∈R3 is angular velocity. u f ∈R1 and um ∈R3 are primary force and moment
actuators respectively. We may now define the state vector and control vector

x , [pT vT qT
ω

T ]T , (24)

u , [uT
f uT

m]
T , (25)

It is assumed that psuedocontrol hedging as described in [7] copes with limita-
tions to the control inputs such as actuator amplitude saturation, actuator rate sat-
uration, and actuator dynamics so we will not include detailed actuator dynamics
in this formulation. The approximated translational and rotational dynamics can be
formulated from (20)-(23) as the following

ades = â(x,qdes,u fdes) (26)
αdes = α̂(x,umdes) (27)

where, ades and αdes are commonly referred to as the pseudocontrol. â and α̂ rep-
resent the available approximation of the real rates obtained from the navigation
system sensors. In addition, u fdes , umdes and qdes are the control inputs and attitude
expected to achieve the desired pseudocontrol. When ades and αdes are chosen such
that they are invertible, the desired control and attitude can be written as[

qdes
u fdes

]
= â−1(x,ades), (28)

umdes = α̂
−1(x,αdes), (29)

Combining the inverse law in (21) with (28) and (23) with (29), the following closed
loop translational and rotational dynamics result

v̇ = ades + ∆̄a(x,u)−ah, (30)
ω̇ = αdes + ∆̄α(x,u)−αh, (31)

where,

∆̄ =

[
∆̄a
∆̄α

]
,

[
a(x,u)− â(x,qdes,u fdes)

α(x,u)− α̂(x,umdes)

]
(32)
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are the static model error due to imperfect model inversion and the pseudocontrol
hedging signals ah and αh are given by

ah = â(x,qdes,u fdes)− â(x, û f ) (33)
α = α̂(x,umdes)− α̂(x, ûm) (34)

where û f and ûm either estimations or measurements of the real control outputs. The
pseudocontrols are given by

ades = ac +apd− āad (35)
αdes = αc +αpd− ᾱad (36)

where ac and αc are outputs of reference systems for the translational and attitude
dynamics, respectively; apd and αpd are outputs of proportional-derivative (PD)
compensators; and finally, aad and αad are the outputs of an adaptive element de-
signed to cancel model error ∆̄ . This formulation uses a single hidden layer neural
network to update the adaptive law [8].

The full reference system dynamics are given by

ṗr = vr, (37)
v̇r = ac(pr,vr, pc,vc), (38)
q̇r = q̇r(qr,ωr), (39)
ω̇ = αc(qr,vr,qc,qc⊕qdes,ωc), (40)

where pr and vr are the outer-loop reference system states and qr and ωr are the
inner-loop reference system states. The external command signal is xc = [pT

c vT
c qT

c ωT
c ]

T .
Note that the attitude desired by the outer loop is now added to the commands for
the inner-loop controller. Here, qc⊕qdes denotes quaternion addition.

Now, the error dynamics can be stated as

e =


e1
e2
e3
e4

=


p− pr
v− vr

Q(q,qr)
ω−ωr

 (41)

where Q(·, ·) :R4×R4→R3 gives the three component error vector between quater-
nions. The output of the PD compensators can be written as[

apd
αpd

]
=−

[
Rp Rd 0 0
0 0 Kp Kd

]
e (42)

where Rp,Rd ∈ R3×3 and Kp,Kd ∈ R3×3 are the linear gain, positive definite matri-
ces determined from [8] as

WeAT1.1
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Rp =
ω2

o ω2
i

ω2
i +4ζoωoζiωi +ω2

o
, Rd =

ωoωi(ζoωi +ωoζi)

ω2
i +4ζoωoζiωi +ω2

o
(43)

Kp = ω
2
i +4ζoωoζiωi +ω

2
o , Kd = 2ζiωi +2ζoωo (44)

where the index i and o represent inner and outer loop respectively and ω and ζ are
the frequency and damping ratio of the second order reference system dynamics.

The tracking error dynamics can be found directly by differentiating the error as

ė =


v− vr
v̇− v̇r

ω−ωr
ω̇− ω̇r

 (45)

The overall tracking error dynamics can be expressed as

ė = Are+Br[νad− ∆̄(x,u)] (46)

where ∆̄ is given by (32) and the reference system is described by

Ar =


0 I3 0 0
−Rp −Rd 0 0

0 0 0 I3
0 0 −Kp −Kd

 ,Br =


0 0
I3 0
0 0
0 I3

 ,νad =

[
aad
αad

]
(47)

An approximate model for the attitude dynamics of the helicopter was generated
by linearizing the nonlinear model around hover and neglecting coupling between
the attitude dynamics

αdes = α̂ = Â1ωb + Â2vb +Bumdes (48)

where Â1 and Â2 are linearized dynamics, and vb and ωb are body frame velocity and
angular velocity. Choosing the control matrix B such that it is invertible, inverting
(48), we are left with the following

umdes = B−1(αdes− Â1ωb− Â2vb) (49)

The translational dynamics are modeled as a point mass with a thrust vector that
is a function of the plant orientation. A simple model can be used here as any un-
modeled dynamics is compensated in the adaptive element. The simple relationships
between thrust, attitude, and accelerations can be described as

ades =

 0
0

Zucoll

(ucolldes −ucolltrim)+Lbvg (50)

where the subscript coll represents collective control input and Zucoll is the control
derivative for acceleration in the vertical axis. Lbv is the direction cosine matrix that
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transforms a vector from the vehicle (or local) frame to the body frame and g is
an assumed gravity vector. The desired specific force along the body z axis may be
evaluated as

fs f = ades−Lbvg (51)

The required collective input can be evaluated as

ucolldes = fs f /ZUcoll +ucolltrim (52)

The attitude augmentation required to orient the thrust vector to attain the desired
translational accelerations are given by the following small-angle corrections from
the current reference body attitude and attitude command:

∆Φ1 = ades2/ fs f , ,∆Φ2 = ades1/ fs f , ∆Φ1 = 0, (53)

For this simplified model, heading change has no effect on accelerations in the x,y
plane, and hence, Φ3 = 0. These three correction angles may now be used to gener-
ate the attitude quaternion correction desired by the outer loop, thus,

qdes = q(∆Φ1,∆Φ2,∆Φ3) (54)

where q(·) is a function that expresses an Euler-angle-based rotation as a quaternion.
Now, with the framework for the implementation of the control scheme and the

adaptive element described let us describe the formulation of the frequency limita-
tion within that scheme. As the inner and outer loops are fully decoupled, applying
the frequency-limited framework to the outerloop results in the following.

ėL =

[
0 I3
−Rp −Rd

]
eL +η

([
e1(t)
e2(t)

]
− eL

)
(55)

This can be expanded to the following

ėL1 = eL2 +η(e1− eL1) (56)
ėL2 =−RpeL1 −RdeL2 +η(e2− eL2) (57)

Inserting this result into (46) results in the following updated error dynamics

ė = Are+Br[νad− ∆̄(x,u)]−κ




e1
e2
0
0

−


eL1
eL2
0
0


 (58)
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5 Simulation and Flight Test Results

The following section shows the results of both Simulation and flight tests for trans-
lational position step commands to the GTQ quadrocopter using the GUST high
fidelity flight simulator. For the tests with the frequency limited MRAC active, η

was chosen as 5rad/s so as to pass the frequency range of the expected system dy-
namics of UAV while rejecting the high frequency content of the control signal. The
κ term was determined by simple trail and observation.

First, let us consider the simulation results starting with Figure (3) which shows
the results of standard MRAC with high gain adaptation, the outerloop learning
rate was set as Γol = 20. The figure shows oscillation in the position tracking, large
amplitude oscillations in the adaptive control signal and large outputs of the actua-
tors, with the actuators often hitting their magnitude limits. This flying performance
would not be suitable for a real flight.

Figure (4) shows the effect of the frequency-limited architecture. The test was
completed with the same adaptive gain as above but with the additional settings of
κ = 20,η = 5. It can be seen that the large oscillation in the position tracking is
reduced, the tracking error itself is reduced and the actuator output is now within an
acceptable magnitude and frequency range.

Now, compare the performance of the frequency-limited architecture to the
closed loop reference architecture suggested in [9, 5] as shown in Figure (5). Notice
that the adaptive signal appears to have more high frequency content, this results in
a higher frequency content in the actuator output. This observation can be explained
as possible noise amplification in the adaptive signal due to the raw error feedback
in the reference system.
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Fig. 3 Simulation test results for translational commands using standard MRAC with the following
settings (Γol = 20 · I3,κ = 0,η = 0). (Dashed line is commanded position).
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Fig. 4 Simulation test results for translational commands using the frequency-limited adaptive
control architecture with the following settings (Γol = 20 · I3,κ = 20,η = 5). (Dashed line is com-
manded position)
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Fig. 5 Simulation test results for translational commands using approach from [9] with the follow-
ing settings (Γol = 20 · I3,κ = 20,η = 0). (Dashed line is commanded position)

These simulations show that the frequency-limited architecture improves the per-
formance of high adaptive gain maneuverer by reducing the high frequency oscilla-
tions while ensuring the actuator output signal is within practicable limits.

The flight results are shown in Figures (6) and (7). Figure (6) shows the perfor-
mance of the frequency-limited architecture with high gain learning rate of Γol = 3.
At this learning rate, without the augmented architecture activated, the platform
would become unstable due to the influence of computational delays and noisy sen-
sor readings. The performance of the frequency-limited architecture can be com-
pared to the nominal case of standard MRAC with a learning rate of Γol = 1.5 in
Figure (7). Notice that the tracking error observed with the nominal case are approx-
imately a factor of two higher than that of the frequency-limited adaptive control,
this highlights the improvement in tracking performance using the new architecture.
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Fig. 6 Flight test results for translational commands using the frequency-limited adaptive control
architecture with the following settings (Γol = 3 · I3,κ = 6,η = 5). (Dashed line is commanded
position)
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Fig. 7 Flight test results for translational commands using standard MRAC with the following
settings (Γol = 1.5 · I3,κ = 0,η = 0). (Dashed line is commanded position)

WeAT1.1

15



16 K.Y.W Scheper, D. Magree, T. Yucelen, G. De La Torre, and E. N. Johnson

6 Conclusion

In this paper, we presented an application of a frequency-limited adaptive control
framework to a high-fidelity autonomous quadrocopter model. We first presented
the framework of frequency-limited adaptive control. Next we presented the imple-
mentation of the controller on the outerloop of an existing model inversion adap-
tive controller for an autonomous quadrocopter. Finally we compared standard and
frequency-limited controller simulation results during translation maneuver in sim-
ulations and show the performance of the controller in real world flight tests. All
results showed that the frequency-limited controller improved tracking as compared
to the standard model reference adaptive control and kept control outputs within
reasonable limits.
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